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Parafermions are emergent excitations that generalize Majorana fermions and can also realize
topological order. In this paper we present a non-trivial and quasi-exactly-solvable model for a
chain of parafermions in a topological phase. We compute and characterize the ground-state wave-
functions, which are matrix-product states and have a particularly elegant interpretation in terms
of Fock parafermions, reflecting the factorized nature of the ground states. Using these wavefunc-
tions, we demonstrate analytically several signatures of topological order. Our study provides a
starting point for the non-approximate study of topological one-dimensional parafermionic chains
with spatial-inversion and time-reversal symmetry in the absence of strong edge modes.
Introduction. The study of topological order (TO)
is currently one of the most active research fields in
condensed-matter physics. From the AKLT model [1] to
the Laughlin wavefunction [2], from the Kitaev chain [3]
to the Toric code [4], this study has always benefited
from the development of exactly-solvable models and of
paradigmatic wavefunctions, whose detailed analysis per-
mits the formation of a clear physical intuition, to be used
in the understanding of complex experimental setups.
In this letter we focus on parafermions, a generaliza-
tion of Majorana fermions [5]. After the experimental
clarification that two zero-energy Majorana modes can
be localized at the edges of a one-dimensional fermionic
wire [6, 7], the possibility of localizing parafermionic
modes, and letting them interact, is currently under
deep investigation. These excitations cannot appear in
strictly one-dimensional spinless fermionic systems [8, 9],
but may emerge at the edge of a two-dimensional frac-
tional topological insulator coupled to alternating ferro-
magnetic and superconducting materials [5, 10–15], as
well as in other nanostructures or models [16–24].
In these setups, one-dimensional chains of interacting
parafermions arise, which, in certain circumstances, dis-
play TO and edge ZN parafermionic modes [5, 25–34].
Such edge modes are called strong when they commute
with the Hamiltonian [35] and thereby generate a N -fold
degeneracy in the entire spectrum, and weak when the
commutation property and associated degeneracy are re-
stricted to the ground state manifold. TO survives weak
perturbations and hosts indistinguishably weak or strong
modes [36]. The importance of parafermionic zero-modes
for topological quantum computation [37] motivates fur-
ther investigations of these fractionalized systems.
In this letter we provide a non-trivial family of
parafermionic models for which the properties of the
ground states can be exactly characterized. These mod-
els are gapped, display TO, have spatial-inversion and
time-reversal symmetries, and feature weak edge modes;
they thus belong to the same symmetry class for which
weak edge modes have been discussed so far with numeri-
cal and perturbative analytical methods [28, 31, 36], with
the advantage of being easy to handle. We analytically
establish several key signatures of TO which can be eas-
ily extracted from the wavefunctions: (i) the presence of
non-local edge-edge correlations, (ii) the indistinguisha-
bility of ground states by a symmetry-preserving local
observable, (iii) the fact that only operators living at the
edges are able to permute ground states, (iv) the N -fold
degeneracy of the entanglement spectrum [26]. We also
motivate the existence of weak edge modes.
The analysis rests on an intuitive “particle-like” pic-
ture of parafermions [38, 39], that naturally leads to
a formulation of the ground states in terms of matrix-
product states (MPS) [40]. Our model is thus a simple
platform for the direct study of TO in parafermionic sys-
tems, which is particularly valuable given even the ab-
sence of a non-interacting and exactly-solvable limit (see
however Ref. [34]). For simplicity, we present our discus-
sion in the case of Z3 parafermions, but the construction
can be easily generalized to ZN parafermions. A similar
study has been discussed in the fermionic (Z2) case [41].
The model. We consider a one-dimensional chain with
length L of Z3 parafermions. Each lattice site k is asso-
ciated with two parafermionic operators, γˆ2k−1 and γˆ2k,
which satisfy the following properties: γˆ3j = 1, γˆ
†
j = γˆ
2
j ;
moreover, γˆj γˆl = ω γˆlγˆj for j < l, where ω = e
2pii/3. We
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2consider the following model: Hˆ = Hˆ0 + b Hˆ1 + b
2 Hˆ2:
Hˆ0 =
∑
j
[
−f ω∗ γˆ†2j−1γˆ2j − Jω γˆ2j γˆ†2j+1 + H.c.
]
; (1a)
Hˆ1 =− J
∑
j
[
Aˆj γˆ
†
2j+1 + γˆ2jBˆ
†
j+1 + H.c.
]
; (1b)
Hˆ2 =− J
∑
j
[
ω∗ AˆjBˆ
†
j+1 + H.c.
]
; (1c)
and Aˆj = (γˆ2j−1 + γˆ
†
2j−1γˆ
†
2j), Bˆj = (γˆ2j + γˆ
†
2j γˆ
†
2j−1).
For b = 0, Hˆ reduces to the well-known parafermionic
version of the three-state Potts quantum chain [42–47].
For positive f and J , such model has a topological phase
transition at f = J between a topological phase with zero
boundary-modes (f < J) and a trivial phase (f > J).
For f = 0, the Hamiltonian is the sum of commuting
and frustration-free terms, and displays TO.
Quasi-exactly-solvable line The Hamiltonian (1) has
a quasi-exactly-solvable line (where only the ground state
but not the excited states can be exactly computed)
parametrized by φ ∈ R:
f
J
= −6 1− e
−2φ
(1 + 2e−φ)2
; b =
1− e−φ
1 + 2e−φ
; (2)
which is plotted in Fig. (1). We consider open boundary
conditions; the properties of the ground states are exactly
computable once the boundary term is introduced:
HˆB = +
f
2
[
ω∗γˆ†1γˆ2 + ω
∗γˆ†2L−1γˆ2L + H.c.
]
. (3)
This term does not change the thermodynamics of the
model and produces modifications which scale as L−1,
which are negligible in the thermodynamic limit.
We begin by considering the point φ = 0. Here, the
Hamiltonian can be rewritten in the following expressive
form: Hˆ + HˆB = −2J(L − 1)Iˆ + J
∑L−1
j=1
ˆ`†
j
ˆ`
j , where
ˆ`
j = γˆ
†
2j −ω γˆ†2j+1. The first term, inessential, is propor-
tional to the identity. The second part, instead, is non-
negative, and its three ground states |gi,φ=0〉 (i = 0, 1, 2)
are characterized by ˆ`j |gi,φ=0〉 = 0.
In order to visualize this result in solely parafermionic
terms, we employ the “Fock parafermions” {Cˆj}Lj=1:
γˆ2j−1 = ω
(
Cˆj+Cˆ
†2
j
)
and γˆ2j = Cˆjω
Nˆj+Cˆ†2j , where Nˆj =
Cˆ†j Cˆj + Cˆ
†2
j Cˆ
2
j is the number operator [38]. The Fock-
parafermion operators are a generalization of canonical
Fermi operators and satisfy, among the others, the fol-
lowing commutation relations: Cˆ3j = 0, CˆjCˆk = ω CˆkCˆj
(j < k). They are associated with a local Fock space
where a number of Fock-parafermions between 0 and 2
can be accommodated, and are amenable to a simple pic-
ture of particle-like excitations. The Hilbert space of the
whole chain is spanned by all Fock states |{nj}〉 where
nj ∈ {0, 1, 2} is the number of parafermions at site j.
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FIG. 1. Phase space of the model (1). The ground state
is exactly solvable along the red line, which is parametrized
φ according to Eq. (2). The points φ = ±∞ and φ = 0
are highlighted. For better reference, the well-studied criti-
cal point f = J , b = 0 with central charge c = 4/5 is also
highlighted. Inset: Perturbative analysis of the size-scaling of
the degeneracies ∆m of the first three excited states (m = 1,
black circles) and of a higher excited triplet (m = 4, red
squares), exhibiting respectively exponential and polynomial
energy splitting. The polynomial scaling demonstrates the
absence of strong edge modes. Three values of φ are con-
sidered: φ = 10−4 (solid line), φ = 10−3 (dashed line), and
φ = 10−2 (dashed-dotted line).
The three ground states read:
|gi,φ=0〉 = 1√
3L−1
∑
{nj} such that∑
jnj≡i (mod3)
|{nj}〉, i = 0, 1, 2. (4)
They are the equal-amplitude superposition of all Fock
states with a number N of Fock parafermions such that
N ≡ i (mod3). These states are similar to the Rokhsar-
Kivelson states proposed in resonant valence-bond liq-
uids [48]. Such states are in fact ubiquitous in the
study of topological phases of matter and they can also
be encountered in the two- and three-dimensional toric
code [4, 49], in the AKLT model [1] or in the study
of topological Majorana zero-energy modes [3, 41, 50,
51]. The proof of Eq. (4) is obtained expanding ˆ`j =
ω−Nˆj Cˆ†j−Cˆ†j+1+Cˆ2j−Cˆ2j+1, and explicitly inspecting that
ˆ`
j |gi,φ=0〉 = 0. Excited states are obtained by applying
the operators ˆ`†j to the states |gi,φ=0〉 and normalizing,
which demonstrates the presence of a gap 3J [52].
We now move to φ 6= 0. We claim that the ground
states are given by
|gi,φ〉 = Zˆ−φ|gi,φ=0〉√
〈gi,φ=0|Zˆ−2φ|gi,φ=0〉
, (5)
where Zˆφ = e
φNˆ/3 is a Hermitian, invertible, but non-
3unitary operator, Nˆ =
∑
j Nˆj being the total number of
parafermions in the chain. We prove our claim by con-
structing a parent Hamiltonian for the states |gi,φ〉 and
then showing that it coincides with Hˆ + HˆB, as given by
Eqs. (1) and (3), apart from constant terms. We intro-
duce a set of local operators Lˆj,φ = Zˆ−φ ˆ`jZˆφ; one easily
verifies that acting with the parent Hamiltonian
Hˆφ = J
L−1∑
j=1
Lˆ†j,φLˆj,φ (6)
on the states |gi,φ〉 gives zero. The model is not fully solv-
able and the different terms in Eq. (6) do not commute,
except for φ = 0. Nevertheless Hˆφ is a strictly non-
negative operator which completes the proof that |gi,φ〉
are ground states. More explicitely, the operators Lˆj,φ
take the form Lˆj,φ =
e2φ/3
3
[
Wˆj,φγˆ†2j − ωWˆj+1,φγˆ†2j+1
]
,
with
Wˆj,φ = (1 + 2e−φ) + (1− e−φ)
[
ω γˆ†2j−1γˆ2j + H.c.
]
,
such that Hˆφ coincides with the starting Hamiltonian (1)
and the parametrization (2). The Hamiltonian remains
time-reversal invariant (a detailed discussion is in [52]),
as can be inferred by the fact that Nˆj satisfies such sym-
metry. Indeed, in usual parafermionic language Nˆj =
1+[(ω∗−ω)γˆ†2j−1γˆ2j+H.c.]/3, and since T is anti-unitary
and maps T [γˆ†2j−1γˆ2j ] = γˆ†2j γˆ2j−1, the invariance follows.
Ground-state properties We now turn to the analyti-
cal characterization of the |gi,φ〉. In the Fock-parafermion
representation, the ground states take a particularly sim-
ple form:
|gi,φ〉 = 1√NL,φ,i
∑
{nj} such that∑
jnj≡i (mod3)
e−φ(
∑
j nj)/3|{nj}〉, (7)
where the normalization constants NL,φ,i have an ana-
lytical expression. Comparing with the states in Eq. (4),
the coefficients of the different Fock states now depend
exponentially on the number of parafermions: the pertur-
bation is effectively acting as a chemical potential which
modifies the average number of particles.
Below, we take advantage of the relative simplicity of
the ground states expressions (7) to compute analyti-
cally and exactly various correlation functions. We be-
gin by determining the correlation length of the states
|gi,φ〉 through a Z3-preserving correlation function, for in-
stance Gi(j, l) = 〈gi,φ|Cˆ†2j Cˆ2l |gi,φ〉. The peculiar nature
of the ground states makes it translationally invariant
even for open boundary conditions, Gi(j, l) = Gi(j − l).
As displayed in Fig. 2, it exhibits an exponential decay
∼ exp(−|j − l|/ξ) for |j − l| < L/2. ξ is the correlation
length:
ξ−1 = ln
∣∣∣∣ 1 + e−2φ/3 + e−4φ/31 + ωe−2φ/3 + ω∗e−4φ/3
∣∣∣∣ ; (8)
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FIG. 2. Top left, correlation function G0(x), and Top right,
|〈n〉0−〈n〉2| for several values of φ. Violet lines represent the
exponential scalings extracted from the analytical formulas.
Bottom left: correlation length ξ. Bottom right: we show one
typical example of the Z3-breaking observable Fi(x) for i = 0.
and it is plotted in Fig. 2 as a function of φ. It is zero
at φ = 0, corresponding to a renormalization group fixed
point, and diverges in the limits φ → ±∞. Thus, no
phase transition occurs along the solvable line, apart from
the extremal values.
It is instructive to show that the correlation length
can also be computed in ways that are directly related to
the topological nature of the ground states. We consider
the expectation value of a Z3-preserving local operator,
such as 〈n〉i = 〈gi,φ|Nˆj |gi,φ〉 (for the states |gi,φ〉 there
is no dependence on j). In the thermodynamic limit, we
analytically find:
〈n〉i → n(φ) = e
−2φ/3 + 2e−4φ/3
1 + e−2φ/3 + e−4φ/3
, (9)
independent of i and j. At finite size L, we further obtain
exponentially close values 〈gi,φ|Nˆj |gi,φ〉 = n(φ)+cie−L/ξ,
as expected for TO [53], with the correlation length ξ of
Eq. (8).
Getting back to the correlation function Gi(j − l) in
Fig. 2, we observe that the model displays non-local edge-
edge correlations which survive in the thermodynamic
limit. The importance of the edges is also revealed by
Z3-breaking observables: in Fig. 2, we analytically com-
pute and plot Fi(j) = |〈gi,φ|Cˆ†j |gi−1(mod3),φ〉| for i = 0,
measuring how Cˆ†j maps groundstates with subsequent
Z3 parities. The calculation reveals that it is non-zero
only for j close to the boundaries with exponential de-
cays again characterized by ξ. With this, we have so far
encountered the first three signatures of TO and fraction-
alized boundary modes mentioned in the introduction,
points (i-iii).
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FIG. 3. Top left: entanglement spectrum as a function of ` for
φ = 2. Top right: von Neumann entropy S(ρˆ`) as a function of
` for three values of φ. At large `, it saturates to a finite value
corresponding to an area law. Bottom: DMRG calculation
of the gap of the model obtained with length L = 168; the
maximal number of retained states is m = 250.
In order to confirm these findings, we consider the en-
tanglement spectrum of the |gi,φ〉 states and prove its
threefold degeneracy, see point (iv). In a bipartition of
the system into a left part of length ` and a right part of
length L− `, the ground state assumes the form
|gi,φ〉 =
2∑
p=0
√
N`,φ,pNL−`,φ,(i−p)mod3
NL,φ,i |g
(`)
φ,p〉|g(L−`)φ,(i−p)mod3〉.
(10)
The reduced density matrix ρˆ` is obtained by tracing out
all sites of the right part. For `  ξ, the normalization
constant N`,φ,i scales like ∼ (1/3)(1+e−2φ/3 +e−4φ/3)`+
O(e−`/ξ), and the dependence on i only appears in the
correction. Thus, for `  ξ and L − `  ξ, the entan-
glement spectrum of the system is threefold degenerate,
because for every p = 0, 1, 2 in Eq. (10) the coefficient
of the sum reduces to
√
1/3, and the three states |g(`)φ,p〉
equally participate to the reduced density matrix ρˆ`. In
Fig. 3 we plot the typical behavior of the entanglement
spectrum as a function of `, the position of bipartition:
close to the boundary (`  ξ) it consists of three differ-
ent values, away from it they all collapse to 1/3. This
expression also clarifies the gapped nature of the system
through the area-law scaling of its von Neumann entropy
S(ρˆ`) = −tr[ρˆ` ln ρˆ`], plotted in Fig. 3. Explicit numer-
ical calculations of the gap, obtained with the density-
matrix renormalization group (DMRG) [54], reported in
Fig. 3, confirm this fact.
Nature of the ground states. This extended analyt-
ical analysis originates from the fact that the ground
states are MPS. They can be expressed as |gi,φ〉 =
∑
n1,...,nL
vTLA
[n1] . . . A[nL]vR,i|n1, . . . nL〉 with the three
matrices A[j=0,1,2] = (e−
φ
3 σˆ)j , where
σˆ =
1 0 00 ω 0
0 0 ω2
 . (11)
The parity i of the ground state is encoded in the left
and right vectors, with vTL = (1, ω
i, ω2i) and vTR =
(1, 1, 1) [40].
A particularly clear interpretation of the data which
we have so far displayed comes from the observation that
the ground states |gi,φ〉 are linear superpositions of three
product states, as we are going to show. For φ = 0, it
can be explicitly verified that:
|gi,φ=0〉 = 1√
3
⊗
j
|0˜j〉+ ωi
⊗
j
|1˜j〉+ ω2i
⊗
j
|2˜j〉
 ;
where |˜ij〉 = (|nj = 0〉 + ωi˜|nj = 1〉 + ω2i˜|nj = 2〉)/
√
3.
The operator Zˆφ acts as a product operator over the
different sites, without creating entanglement or corre-
lations. We thus observe that, applying Zˆ−φ to the
states |gi,φ=0〉 according to the prescription in Eq. (5),
the states Zˆ−φ
⊗
j |˜ij〉 retain a product nature. These
states have zero correlation length and thus are fixed
points of the renormalization group. This result can be
considered an extension to 3-state clock models of known
results for spin-1/2 systems about the existence of factor-
ized ground states [56, 57] and it is intriguing to speculate
that the peculiar properties of these models might extend
to parafermionic chains [58].
Edge modes. The parafermionic chain at φ = 0 is
characterized by (strong) edge modes, simply given by
the operators χˆ1 = γˆ1 and χˆ2 = γˆ2L, permuting cycli-
cally the ground states. As φ departs from zero, the
edge modes χˆ1,2 are continuously deformed but remain
local. The calculation of Fi(j), see Fig. 2, already
demonstrates that they keep a significant overlap with
operators located close to the two ends of the chain.
More generally, χˆ1,2 = Vˆφγˆ1,2LVˆ†φ are obtained from ex-
act quasi-adiabatic continuation [36] of γˆ1,2L with the
unitary transformation Vˆφ mapping the ground states
manifolds at zero and non-zero φ. Being unitary, Vˆφ
preserves the parafermionic non-commutative algebra of
χˆ1,2 in the ground state, with 〈gi,φ|χˆ1|gi+1,φ〉 = 1 and
〈gi,φ|χˆ2|gi+1,φ〉 = ω2+i . It also preserves locality under
the condition of quasi-adiabaticity [36]. This program
can be applied explicitely in perturbation with φ  1,
and yields the left edge mode
χˆ1 = γˆ1 + α(ωγ3 − γ†2γ†3) + α∗(ωγ†1γ3γ2 − γ†1γ†3) (12)
to leading order in α = f/J − ωb. Parafermionic opera-
tors γˆj are also expected to enter the expression of χˆ1 to
order j/2 in f/J , b, so they are exponentially suppressed
5with the site index j. Similar considerations apply to the
right mode χˆ2. Finally, the form of Fi(j) strongly sug-
gests that the edge states χˆ1/2 decay with the correlation
length ξ at both ends of the chain.
The operators γˆ1 and γˆ2L are strong edge modes for
φ = 0 as they commute with the Hamiltonian. It can
be checked from the perturbative expression (12) that
the commutation is lost at non-zero φ, yielding weak
edge modes. Following Ref. [28], the low-energy part
of the spectrum can be addressed at small φ by pro-
jecting the full Hamiltonian (1) onto single domain wall
excitations, thus reducing the numerical complexity. In
Fig. 1 we show the results of this analysis, where we
plot ∆m =
√∑
q 6=q′(em,q − em,q′)2, and em,q is the m-
th excited state which has a Z3-parity with value q. We
find that the lowest triplets in the excitation spectrum
(m = 1) exhibit an exponential closing with the system
size, in contrast with higher triplet excitations (m = 4)
where the closing is polynomial. This last observation
rules out the presence of strong edge modes.
Conclusions. In this article we have presented a
model for a one-dimensional parafermionic chain which
displays TO and has quasi-exactly-solvable ground
states. It beautifully exemplifies the physics proposed in
Ref. [36], and allows for the explicit characterization of
TO in the absence of strong boundary modes, providing
an interesting starting point for developing a physical in-
tuition of parafermionic systems, which is becoming par-
ticularly compelling in view of a forthcoming experimen-
tal realization. This is achieved with a systematic inter-
pretation of our results in terms of “Fock parafermions”,
a possibility which has not been fully explored yet. Un-
derstanding whether there are other parent Hamiltonians
for the states |gi,φ〉 which are more physically relevant is
an interesting perspective [59]; we also leave for the fu-
ture further investigations concerning higher-dimensional
lattices [25], as well as the complete mapping of the phase
diagram of Hamiltonian (1).
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7Supplemental Material for:
Topological phases of parafermions: a model with exactly-solvable ground states
Fernando Iemini, Christophe Mora and Leonardo Mazza
In this Supplemental Material we provide additional information which have been omitted from the main text.
FOCK PARAFERMIONS
Since in the text we use a slightly different convention from that introduced in Ref. [2], we recap here the main
formulas characterizing the relation between usual parafermions and Fock parafermions.
The easist way to express the relation between usual and Fock parafermions is the following:
γˆ2j−1 = ω
(
Cˆj + Cˆ
†2
j
)
; γˆ2j = Cˆjω
Nˆj + Cˆ†2j ; Nˆj = Cˆ
†
j Cˆj + Cˆ
†2
j Cˆ
2
j . (S1)
These equations can be inverted, yielding:
Cˆj =
2
3
ω∗γˆ2j−1 − 1
3
γˆ2j − 1
3
ω∗γˆ†2j−1γˆ
†
2j ; Cˆ
†
j =
2
3
ω γˆ†2j−1 −
1
3
γˆ†2j −
1
3
ω γˆ2j γˆ2j−1; (S2a)
Cˆ2j =
1
3
ω γˆ†2j−1 +
1
3
γˆ†2j +
1
3
ω γˆ2j γˆ2j−1; Cˆ
†2
j =
1
3
ω∗γˆ2j−1 +
1
3
γˆ2j +
1
3
ω∗γˆ†2j−1γˆ
†
2j . (S2b)
From this follows that:
Cˆ†j Cˆj =
2
3
− 1
3
ω γˆ†2j−1γˆ2j −
1
3
ω∗γˆ†2j γˆ2j−1; Cˆ
†2
j Cˆ
2
j =
1
3
+
1
3
ω∗γˆ†2j−1γˆ2j +
1
3
ω γˆ†2j γˆ2j−1; (S3)
and that:
Nˆj = 1 +
1
3
(ω∗ − ω) γˆ†2j−1γˆ2j −
1
3
(ω − ω∗)γˆ†2j γˆ2j−1 = 1− i
√
3
3
γˆ†2j−1γˆ2j + i
√
3
3
γˆ†2j γˆ2j−1. (S4)
EXACTLY-SOLVABLE POINT FOR φ = 0
We demonstrate that ˆ`j |gi,φ=0〉 = 0. We recall the explicit expression for ˆ`j = ω−Nˆj Cˆ†j − Cˆ†j+1 + Cˆ2j − Cˆ2j+1 and for
the state:
|gi,φ=0〉 = 1√NL,i
∑
∑
njmod3=i
|{nj}〉, i = 0, 1, 2. (S5)
Let us consider for example |g0,φ=0〉 (the discussion for the other states is analogous). After the action of ˆ`j , the new
state is the linear superposition of some (not all!) configurations with number of fermions N mod 3 = 1. If we focus
on the sites j and j + 1, the state ˆ`j |g0,φ=0〉 can be expanded in Fock states |{nj}〉 which at those sites can have
configurations with:
| · · · ?? · · ·〉 | · · · ?• · · ·〉 | · · · •? · · ·〉 | · · · ?◦ · · ·〉 | · · · •• · · ·〉 | · · · ◦? · · ·〉 | · · · •◦ · · ·〉 | · · · ◦• · · ·〉 | · · · ◦◦ · · ·〉;
(S6)
where ? means “double-occupied site” • means “single-occupied site” and ◦ means “empty site”.
We now consider a particular configuration |{j¯n}〉 which belongs to the class | · · · ? ? · · ·〉 and demonstrate that
ˆ`
j |gi,φ=0〉 has no overlap with such Fock state. The configuration |{j¯n}〉 may appear in ˆ`j |gi,φ=0〉 as the result of the
action of Cˆ†j or Cˆ
†
j+1 on related configurations. If j is even (in this and in the following examples we do not write
explicitly phases which can be factored out):
+ ω−Nˆj Cˆ†j | · · · • ? · · ·〉 = +ω | · · · ? ? · · ·〉; −Cˆ†j+1| · · · ? • · · ·〉 = −ω| · · · ? ? · · ·〉. (S7)
8The action of the two operators interferes destructively and thus no Fock state with two neighboring fermions at sites
j and j + 1 can appear. Similar reasoning apply for the other states, as we list here below:
+ω−Nˆj Cˆ†j | · · · • • · · ·〉 = +ω| · · · ? • · · ·〉, − Cˆ†j+1| · · · ? ◦ · · ·〉 = −ω| · · · ? • · · ·〉; (S8a)
+ω−Nˆj Cˆ†j | · · · ◦ • · · ·〉 = +ω∗| · · · • ? · · ·〉, − Cˆ†j+1| · · · • • · · ·〉 = −ω∗| · · · • ? · · ·〉; (S8b)
+ω−Nˆj Cˆ†j | · · · • ◦ · · ·〉 = +ω| · · · ? ◦ · · ·〉, − Cˆ2j+1| · · · ? ? · · ·〉 = −ω| · · · ? ◦ · · ·〉; (S8c)
+ω−Nˆj Cˆ†j | · · · ◦ • · · ·〉 = +ω∗| · · · • • · · ·〉, − Cˆ†j+1| · · · • ◦ · · ·〉 = −ω∗| · · · • • · · ·〉; (S8d)
+Cˆ2j | · · · ? ? · · ·〉 = +| · · · ◦ ? · · ·〉, − Cˆ†j+1| · · · ◦ • · · ·〉 = −| · · · ◦ ? · · ·〉; (S8e)
+ω−Nˆj Cˆ†j | · · · ◦ ◦ · · ·〉 = +ω∗| · · · • ◦ · · ·〉, − Cˆ2j+1| · · · • ? · · ·〉 = −ω∗| · · · • ◦ · · ·〉; (S8f)
+Cˆ2j | · · · ? • · · ·〉 = +| · · · ◦ • · · ·〉, − Cˆ†j+1| · · · ◦ ◦ · · ·〉 = −| · · · ◦ • · · ·〉; (S8g)
+Cˆ2j | · · · ? ◦ · · ·〉 = +| · · · ◦ ◦ · · ·〉, − Cˆ2j+1| · · · ◦ ? · · ·〉 = −| · · · ◦ ◦ · · ·〉. (S8h)
This demonstrates the property ˆ`j |g0,φ=0〉 = 0. The reader can easily convince himself that the same property
would hold for |g1,φ=0〉 and |g2,φ=0〉.
The excited eigenstates of the model can be obtained by applying the
(
ˆ`†
j
)m
(m = 1, 2) operators to the ground
state, which introduce an energy excitation equal to 2J [1−<(ωm)]. From this follows that the gap of the model is
3J . Generally speaking, the excited eigenstates and eigenvalues of the problem are given by,
Hˆ
(
ˆ`†m1
1 ...
ˆ`†mL
L |gi,φ=0〉
)
= Em1...mL
(
ˆ`†m1
1 ...
ˆ`†mL
L |gi,φ=0〉
)
; Em1...mL =
L−1∑
j=1
2J [1−<(ωmj )] . (S9)
Note, however, that these eigenstates are not normalized.
The demonstration of the previous relation is given by recursively using the ground state identity,
ˆ`
j |gi,φ=0〉 = 0 =⇒ γˆ†2j |g0,φ=0〉 = ω γˆ†2j+1|gi,φ=0〉, (S10)
or in its more general form
(γˆ†2j)
m|g0,φ=0〉 = αm (γˆ†2j+1)m|g0,φ=0〉, αm = ωm
2−∑m−1j=1 j . (S11)
Let us consider, for simplicity, an eigenstate with a single excitation
(
ˆ`†
j
)m|gi,φ=0〉, which by using Eq. (S11), could
also be written in the following form,(
ˆ`†
j
)m|gi,φ=0〉 = (γˆ2j − w∗γˆ2j+1)m|gi,φ=0〉 = ϑmγˆm2j |gi,φ=0〉, (S12)
with ϑm a phase (irrelevant for our purposes) arising from Eq. (S11) and the commutation relations of the parafermions.
Since
[
ˆ`†
j
ˆ`
j , ˆ`
†m
k 6=j
]
= 0, we must only consider the Hamiltonian term at the site j, namely:(
ˆ`†
j
ˆ`
j
) (
ˆ`†
j
)m|gi,φ=0〉 = (2I− w∗γˆ2j+1γˆ†2j − wγˆ2j γˆ†2j+1) ϑmγˆm2j |gi,φ=0〉. (S13)
By using again Eq. (S11), we obtain
(
ˆ`†
j
ˆ`
j
)
ˆ`†m
j |gi,φ=0〉 = 2J [1−Re(wm)] ˆ`†
m
j |gi,φ=0〉, which concludes the demon-
stration.
SYMMETRIES OF THE MODEL
In order to discuss the symmetries of the model in a transparent way, we introduce the local operators σˆj and τˆj
(j is a site index) whose action on the local Hilbert space is represented by the following matrices:
σ =
0 1 00 0 1
1 0 0
 ; τ =
1 0 00 ω 0
0 0 ω2
 ; ω = e2pii/3. (S14)
9The operators satisfy the following algebra:
σˆ3j = 1; τˆ
3
j = 1; σˆj τˆj = ωτˆj σˆj ; σˆj τˆk = τˆkσˆj for j 6= k. (S15)
We then introduce the Fradkin-Kadanoff transformation, which is a unitary non-local transformation from
parafermions to models written in terms of the operators {σj , τj}:
γˆ2j−1 =
(
j−1∏
k=1
τˆk
)
σˆj ; γˆ2j = ω
(
j−1∏
k=1
τˆk
)
σˆj τˆj . (S16)
After applying it to the model Hˆ0 + bHˆ1 + b
2Hˆ2 written in the main text, we obtain the following Hamiltonian:
Hˆ =
∑
j
[
−f τˆj − Jω∗υˆ†b,j υˆb,j+1 + H.c.
]
; υˆb,j = σˆ
†
j + b
(
ω∗ τˆj σˆ
†
j + ω τˆ
†
j σˆ
†
j
)
. (S17)
In order to better connect with the discussions which have already presented on the symmetries of parafermionic
models (see e.g. Ref. [1]), we apply the following unitary and canonical transformation: σˆj → ω−j σˆj and τˆj → τˆj
which absorbs the phase multiplying the J term of the Hamiltonian.
Let us first remark that the model is invariant under the Z3 transformation Qˆ =
∏
j τˆ
†
j . This follows from the fact
that: (i) Qˆτˆ Qˆ† = τˆ and QˆσˆQˆ† = ωσˆ, and (ii) the σˆj appear only combinations σˆj σˆ
†
j+1. After the transformation
discussed above, the model is also explicitly invariant under spatial inversion.
The discussion of time-reversal symmetry and charge conjugation requires more care. We first introduce the
following time-reversal anti-unitary transformation: T [τˆj ] = τˆ †j , T [σˆj ] = σˆj ; the f part of the Hamiltonian is explicitly
invariant. To demonstrate that also the J part is, we observe that:
T [vˆb,j ] = T
[
σˆ†j + b
(
ω∗ τˆj σˆ
†
j + ω τˆ
†
j σˆ
†
j
)]
= σˆ†j + b
(
ω τˆ †j σˆ
†
j + ω
∗ τˆj σˆ
†
j
)
= vˆb,j . (S18)
Charge conjugation is defined in the following way: C[σˆj ] = σˆ†j and C[τˆj ] = τˆ †j . Thus, as soon as b 6= 0 the
Hamiltonian is not charge-conjugation invariant. We can make sense of this by thinking at the action of C[·] on the
Fock-parafermion number operator defined in the main text and explicitly discussed in the Section of the Supplemental
Material; once the Fradkin-Kadanoff transformation is applied, we obtain:
Nˆj = 1 +
1
3
[
(ω∗ − ω)τˆj + (ω − ω∗)τˆ †j
]
=
1 0 00 0 0
0 0 2
 ; C[Nˆj ] =
1 0 00 2 0
0 0 0
 . (S19)
Thus, charge conjugation acts as expected by swapping the states with 0 and 2 Fock parafermions. Since the ground
states |gi,φ〉 discussed in the main text are indeed states where the average number of Fock parafermions varies between
the empty to the full situation, it does not come as a surprise that the Hamiltonian is not charge-conjugation invariant
for b 6= 0 (which is to say φ 6= 0).
As a final remark, let us mention that the composition T ◦ C defines a time-reversal symmetry which is different
from the previous one. It is anti-unitary and acts on the operators as T ◦ C[σˆj ] = σˆ†j and T ◦ C[τˆj ] = τˆj . From the
previous considerations, it follows that for b 6= 0 the system is not invariant with respect to this second time-reversal
symmetry.
ANALYTICAL PROPERTIES OF THE GROUND STATE WAVEFUNCTIONS
The wavefunction
We evaluate the properties of the ground state |gi,φ〉 in Eq. (7) of the main text for generic value of φ, which we
rewrite here for reading convenience:
|gi,φ〉 = 1√NL,φ,i
∑
∑
njmod3=i
e−φN/3|{nj}〉; i = 0, 1, 2. (S20)
10
The normalization coefficient is given by the following expression
NL,φ,i =
∑
∑
njmod3=i
e−2φN/3
∑
n1+2n2=N
(
L
n1, n2, L− n1 − n2
)
. (S21)
The multinomial coefficient is defined as:(
L
n1, n2, L− n1 − n2
)
=
L!
n1!n2!(L− n1 − n2)! (S22)
and counts the number of ways in which N Fock-parafermions can be distributed among the L sites; the counting
considers that there are n1 sites occupied by one parafermion and n2 sites occupied by two parafermions, and N =
n1 + 2n2.
The expression (S21) can be simplified using the following formulas:(
1 + e−2φ/3 + e−4φ/3
)L
=
∑
n1,n2
(
L
n1, n2, L− n1 − n2
)(
e−2φ/3
)n1+2n2
; (S23a)
(
1 + ωe−2φ/3 + ω2e−4φ/3
)L
=
∑
n1,n2
(
L
n1, n2, L− n1 − n2
)(
ω e−2φ/3
)n1+2n2
; (S23b)
(
1 + ω2e−2φ/3 + ω4e−4φ/3
)L
=
∑
n1,n2
(
L
n1, n2, L− n1 − n2
)(
ω2e−2φ/3
)n1+2n2
; (S23c)
1 + ωn1+2n2 + (ω2)n1+2n2 = 3 δ(n1+2n2)mod3=0. (S23d)
We obtain the following result:
NL,φ,0 = 1
3
2∑
k=0
A(L, φ, k), NL,φ,1 = 1
3
2∑
k=0
ω−kA(L, φ, k), NL,φ,2 = 1
3
2∑
k=0
ω−2kA(L, φ, k), (S24)
where we have introduced the notation A(L, φ, k) =
(
1 + ωke−2φ/3 + ω2ke−4φ/3
)L
. At φ = 0, these expressions reduce
to NL,φ,0 = NL,φ,1 = NL,φ,1 = 3L−1.
Expectation value of a Z3-preserving observable
Using this explicit form of the ground state wavefunction, we can compute the average density on a given site j.
The number operator for site j is given by Nˆj = C
†
jCj +C
†
jC
†
jCjCj . As an example of how the calculation works, let
us compute the probability p0,φ(1j) for the state |g0,φ〉 that there is one and only one parafermion at site j:
p0,φ(1j) =
1
NL,φ,0
∑
∑
njmod3=2
∑
n1+2n2=N−1
(
L− 1
n1, n2, L− 1− n1 − n2
)
e−2φN/3 =
e−2φ/3
3NL,φ,0
2∑
k=0
ω−2kA(L− 1, φ, k).
(S25)
The calculation of 〈Nˆj〉 follows these lines and we obtain
〈g0,φ|Nˆj |g0,φ〉 = e
−2φ/3∑2
k=0 ω
−2kA(L− 1, φ, k) + 2e−4φ/3∑2k=0 ω−kA(L− 1, φ, k)∑2
k=0A(L, φ, k)
(S26)
〈g1,φ|Nˆj |g1,φ〉 = e
−2φ/3∑2
k=0A(L− 1, φ, k) + 2e−4φ/3
∑2
k=0 ω
−2kA(L− 1, φ, k)∑2
k=0 ω
−kA(L, φ, k)
(S27)
〈g2,φ|Nˆj |g2,φ〉 = e
−2φ/3∑2
k=0 ω
−kA(L− 1, φ, k) + 2e−4φ/3∑2k=0A(L− 1, φ, k)∑2
k=0 ω
−2kA(L, φ, k)
(S28)
For large system size, L 1, the mean densities are all equal
〈gi,φ|Nˆj |gi,φ〉 ' e
−2φ/3 + 2e−4φ/3
1 + e−2φ/3 + e−4φ/3
, (S29)
11
corresponding to 〈Nˆj〉 = 1 for φ = 0. Noting that A(L, φ, 1) = A∗(L, φ, 2) (A(L, φ, 0) is real), the large L asymptotics
can be obtained from ∣∣∣∣A(L, φ, 1)A(L, φ, 0)
∣∣∣∣ = e−L/ξ (S30)
with the length
ξ−1 = ln
∣∣∣∣ 1 + e−2φ/3 + e−4φ/31 + ωe−2φ/3 + ω∗e−4φ/3
∣∣∣∣ . (S31)
The first order correction to the mean densities then takes the form
〈gi,φ|Nˆj |gi,φ〉 = e
−2φ/3 + 2e−4φ/3
1 + e−2φ/3 + e−4φ/3
+
e−2φ/3
1 + e−2φ/3 + e−4φ/3
O
(
e−L/ξ
)
+
e−4φ/3
1 + e−2φ/3 + e−4φ/3
O
(
e−L/ξ
)
. (S32)
The infinite length result is thus approached with exponential accuracy as expected for a topologically protected
manifold. Interestingly, the characteristic length ξ diverges for φ → ±∞ corresponding to a loss of topological
protection.
Correlation function
Let us now use the knowledge on the ground state wavefunction to compute correlation functions. As we shall see,
they involve the same correlation length ξ. To be specific, we concentrate on the following function
G0(`) = 〈g0,φ|Cˆ† 21 Cˆ2` |g0,φ〉 (S33)
measuring the two-particle correlation between site 1 (left boundary) and `. Cˆj denotes a Fock-parafermion operator
at site 1 ≤ j ≤ L. To be non-vanishing, the part of |g0,φ〉 onto which Cˆ2` acts must contain two particles at site `
whereas the bra 〈g0,φ| must contain two zero particles at site 1. Taking into account the commutator,
Cˆ2` Cˆ
†
j = ω
2Cˆ†j Cˆ
2
` = ω
∗Cˆ†j Cˆ
2
` for ` > j, (S34)
containing information on particle statistics, we obtain
G0(`) =
1
N0
∑
n1+2n2=N1
n3+2n4=N2 N1+N2+2=0[3]
(ω∗)N1
(
`− 2
n1, n2, `− 2− n1 − n2
)(
L− `
n3, n4, L− `− n3 − n4
)
e−
2φ
3 (N1+N2+2).
(S35)
In this expression, N1 is the number of particles enclosed between site 1 and site `, and N2 the number of particles
beyond site `. The total number of particles is therefore N1 +N2 +2. The (ω
∗)N1 term is the statistical phase steming
from the commutation of Cˆ2` with N1 particles. Instead of enforcing the constraint N1 +N2 + 2 ≡ 0 mod 3, we use
the same trick as above, with the summation
1
3
(
1 + ωN + (ω2)N
)
= δN(mod3),0 , (S36)
to express the correlation function as a sum over a new index k,
G0(`) =
1
N0
2∑
k=0
∑
n1+2n2=N1
n3+2n4=N2
ωk(N1+N2+2) (ω∗)N1
(
`− 2
n1, n2, `− 2− n1 − n2
)(
L− `
n3, n4, L− `− n3 − n4
)
e−
2φ
3 (N1+N2+2).
(S37)
With this new formulation, the summations over N1 and N2 are decoupled and can be performed exactly using the
binomial formulas (S23). The result takes the form
G0(`) = e
−4φ/3
∑2
k=0 ω
2kA(`− 2, φ, k − 1)A(L− `, φ, k)∑2
k=0A(L, φ, k)
(S38)
with again the notation A(L, φ, k) =
(
1 + wke−2φ/3 + w2ke−4φ/3
)L
.
Let us take a few examples.
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1. Short range ` = 1 in the large length limit L 1.
G0(1) = 〈g0|Cˆ†1Cˆ†1Cˆ1Cˆ1|g0〉 =
e−4φ/3
1 + e−2φ/3 + e−4φ/3
→ 1
3
for φ→ 0 (S39)
It measures the probability to find two particles at site 1 in the ground state. For φ = 0, the three occupations
zero, one and two are equiprobable.
2. Next neighbour ` = 2 in the large length limit L 1.
G0(2) = 〈g0|Cˆ†1Cˆ†1Cˆ2Cˆ2|g0〉 =
e−4φ/3(
1 + e−2φ/3 + e−4φ/3
)2 → 19 for φ→ 0 (S40)
G0(2) gives the probability to find zero particle at site 1 and two particles at site 2 (or the opposite), so 1/9
when all occupations are equiprobable.
3. End site ` = L in the large length limit L 1. The result is
G0(L) = 〈g0|Cˆ†1Cˆ†1CˆLCˆL|g0〉 =
ω2 e−4φ/3(
1 + e−2φ/3 + e−4φ/3
)2 = ω2G0(2) (S41)
The correlation over the whole system is finite (a signature of non-locality related to topology), and equal to
G0(2) up to a phase shift ω
2. This phase shift depends in fact on the parity of the ground state and one finds
G1(L)/G1(2) = ω and G2(L)/G2(2) = 1.
4. Asymptotic decay. We first consider the limit L→∞ and then take the limit ` 1 to avoid short-range details.
One finds
|G0(`)| = e
−4φ/3 e2/ξ(
1 + e−2φ/3 + e−4φ/3
)2 e−`/ξ ∼ e−`/ξ for ` 1, (S42)
i.e. an exponential decay with the correlation length ξ. This result does not depend on the parity and applies
also when the correlation function is averaged over G1(`) and G2(`). A difference occurs in the phase of but not
in the modulus.
Expectation value of a Z3-breaking observable
Let us now compute the expectation value of a Z3-breaking observable. To be specific, we concentrate on the
following function,
Fi(`) = 〈gi,φ|Cˆ†` |gi′,φ〉; i′ ≡ i− 1(mod3) (S43)
In order to be different from zero, the Fock states upon which |gi′,φ〉 is expanded which are relevant for the calculation
must have zero (one) particle at site `, whereas for 〈gi,φ| they must contain one (two) particle at the same site `.
Taking into account the commutator,
Cˆ†` Cˆ
†
j = ω
∗Cˆ†j Cˆ
†
` for ` > j, (S44)
we obtain
Fi(`) =
1√NL,φ,iNL,φ,i′
∑
n` = 0, 1
n1 + 2n2 = N1
n3 + 2n4 = N2
N = N1 +N2 + n` ≡ i− 1 (mod3)
(ω∗)N1
(
`− 1
n1, n2, `− 1− n1 − n2
)(
L− `
n3, n4, L− `− n3 − n4
)
e−
φ(2N+1)
3 .
In this expression, n` is the number of particles at the site `, N1 is the number of particles enclosed between site
1 and ` − 1, and N2 the number of particles beyond site `. The total number of particles in |gi′,φ〉 is therefore
N = N1 + N2 + n`, whereas in 〈gi,φ| must have N + 1 particles, which yields the e−φ(2N+1)3 term. The (ω∗)N1 term
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is the statistical phase stemming from the commutation of C†` with N1 particles. Instead of enforcing the constraint
N1 +N2 + n` ≡ i− 1(mod3), we use again the previous trick:
δN1+N2+n`,i−1 (mod3) =
1
3
2∑
k=0
ωk(N1+N2+n`−(i−1)) (S45)
in order to express the function as a sum over a new index k:
Fi(`) =
e−
φ
3
3
√NL,φ,iNL,φ,i′
∑
n`=0,1
2∑
k=0
∑
n1 + 2n2 = N1
n3 + 2n4 = N2
(
`− 1
n1, n2, `− 1− n1 − n2
)(
L− `
n3, n4, L− `− n3 − n4
)
×
×ωk(N1+N2+n`−(i−1))(ω∗)N1e− 2φ3 (N1+N2+n`). (S46)
With this new formulation, the summation over N1 and N2 are decoupled and can be performed exactly using the
binomial formulas. The result takes the form
Fi(`) =
∑
n`=0,1
e−
φ
3 (1+2n`)
∑2
k=0 ω
k(n`−(p−1))A(`− 1, φ, k − 1)A(L− `, φ, k)√∑2
k,k′=0A(L, φ, k)A(L, φ, k
′)ωik+(i−1)k′
(S47)
Let us analyze now its asymptotic decay. We first define the phase θL,φ between the terms A(L, φ, k), in the large
asymptotic L, as follows,
A(L, φ, 1)
A(L, φ, 0)
= e−
L
ξ eiθL,φ ,
A(L, φ, 2)
A(L, φ, 0)
=
(
A(L, φ, 1)
A(L, φ, 0)
)∗
(S48)
Two different limits are particularly important:
1. L→∞, considering ` ξ, which allows us to analyze the “left-side” of the wire, where one finds,
Fi(`) = (e
φ
3 + e−
φ
3 )
[
e−
2φ
3 e−iθ`−1,φ
(1 + e−
2φ
3 + e−
4φ
3 )
]
e−
(`−1)
ξ ∼ e− `ξ . (S49)
2. L, ` → ∞, keeping `/L = cte < 1 − ξ, which allows us to analyze the “right-side” of the wire, where we find
similar results,
Fi(`) = w
∗p(we
φ
3 + e−
φ
3w∗)
[
e−
2φ
3 e−iθ`−1,φ
(1 + e−
2φ
3 + e−
4φ
3 )
]∗
e−
(L−`)
ξ ∼ e− (L−`)ξ . (S50)
Entanglement spectrum
In order to compute the entanglement spectrum of the ground states |gi,φ〉, we exploit the following property:
|gi,φ〉 = 1√NL,φ,i
2∑
p=0
√N`,φ,i√NL−`,φ,i|g`,φ,p〉|gL−`,φ,(i−p)mod3〉; i = 0, 1, 2. (S51)
Thus, computing the entanglement spectrum for a bipartition `, L− `, requires the evaluation of the three coefficients:
N`,φ,iNL−`,φ,i
NL,φ,i . (S52)
Let us consider the case in which `, L− ` ξ. According to the expressions in Eqs. (S24) and (S30), we can simplify:
Nm,φ,i = 1
3
A(m,φ, 0) +O(e−m/ξ); m = L, `, L− `; (S53)
where only the term scaling as e−m/ξ depends on i. At the leading order the coefficients in (S52) do not depend on i
and are equal to 1/3. With this, we automatically obtain that the states |gL,φ,i〉 satisfy an area-law.
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Weak edge mode
In the simple case f = b = 0 (or φ = 0), the parafermionic chain has strong edge modes resulting in a global
threefold degeneracy in the spectrum. The edge modes are given by the two parafermionic operators γˆ1 and γˆ2L
localized at both ends of the chain. In the general case φ 6= 0, the edge modes are obtained by quasi-adiabatic
continuation [3],
χˆ1 = Vˆφγˆ1Vˆ†φ, χˆ2 = Vˆφγˆ2LVˆ†φ, (S54)
with the unitary transformation Vˆφ mapping the low-energy subspaces at φ 6= 0 and φ = 0. The operator Vˆφ is
unitary and thus preserves the parafermionic properties χˆ31 = 1 and χˆ
2
1 = χˆ
†
1, it also preserves locality such that χˆ1
and χˆ2 are still localized near the two ends of the chain. Vˆφ furthermore commutes with the parity operator, hence
interpolating between ground states of constant parity.
For φ 1, corresponding to b 1 and f  J , the deformation of the edge mode can be calculated perturbatively.
For the left mode, it takes the form
χˆ1 = γˆ1 +
ˆ ∞
−∞
dtF (3t)eiHˆ
0
0 t[Vˆ , γˆ1]e
−iHˆ00 t, (S55)
where we introduced the reduced Hamiltonian decomposition Hˆ00 = Hˆ0(f = 0)/J and Vˆ = (Hˆ0 + bHˆ1)/J − Hˆ00 , such
that Vˆ = 0 at φ = 0. Incidentally, we have used the commutation [Hˆ00 , γˆ1] = 0 in deriving Eq. (S55). The filter
function F (t) is constraint by its Fourier transform for |Ω| > 1,
F˜ (Ω) =
ˆ ∞
−∞
dteiΩtF (t) = − 1
Ω
. (S56)
The form of F˜ (Ω) for |Ω| < 1 is not constraint (except that F (t) must decay fast at large t to preserve locality), but
we will not need it to leading order in φ.
Computing the commutator
[Vˆ , γˆ1] = (ω
∗ − ω)
[
f
J
(γˆ2 − ωγˆ†1γˆ†2) + b ω∗(γˆ3 − γˆ†1γˆ†3) + b (ωγˆ†2γˆ†3 − γˆ†1γˆ3γˆ2)
]
, (S57)
we find the expansion
χˆ1 = γˆ1 + (ω
∗ − ω)
[
f
J
(Xˆ2 + ωγ
†
1Xˆ
†
2) + b ω
∗(Xˆ3 + γˆ
†
1Xˆ
†
3) + b (ωXˆ23 + γˆ
†
1Xˆ
†
23)
]
, (S58)
where we have defined
Xˆj =
ˆ ∞
−∞
dtF (3t)eiHˆ
0
0 tγˆje
−iHˆ00 t, Xˆ†j = −
ˆ ∞
−∞
dtF (3t)eiHˆ
0
0 tγˆ†j e
−iHˆ00 t, (S59a)
Xˆ23 =
ˆ ∞
−∞
dtF (3t)eiHˆ
0
0 tγˆ†2γˆ
†
3e
−iHˆ00 t, (S59b)
and used again that γ1 commutes with H
0
0 and that F (t) is an imaginary function.
As discussed in Ref. [3], the time evolution of these operators can be determined from the closed algebra under
commutation by Hˆ00 , namely
[Hˆ00 , A0γˆ2 +B0ωγˆ3 + C0γˆ
†
2γˆ
†
3] = A1γˆ2 +B1ωγˆ3 + C1γˆ
†
2γˆ
†
3 (S60)
where the coefficients are related byA1B1
C1
 = 3M
A0B0
C0
 , M = 1
i
√
3
 0 −1 11 0 −1
−1 1 0
 . (S61)
The operators vˆj = (γˆ2 +ω
j ω γˆ3 + γˆ
†
2γˆ
†
3)/
√
3, related to the eigenstates of the matrixM, follow a free evolution under
Hˆ00 written as e
iHˆ00 tvˆje
−iHˆ00 t = vˆje3iεit, with the eigenvalues ε0 = 0, ε1/2 = ∓1.
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Applying the Fourier transform and the result F˜ (0) = 0 ( F˜ is an odd function), we are finally led to
Xˆ2 =
1
3(ω∗ − ω) (ωγˆ3 − γˆ
†
2γˆ
†
3), Xˆ3 =
ω∗
3(ω∗ − ω) (γˆ
†
2γˆ
†
3 − γˆ2), Xˆ23 =
1
3(ω∗ − ω) (γˆ2 − ωγˆ3), (S62)
and the weak edge mode takes the form
χˆ1 = γˆ1 + α(ωγˆ3 − γˆ†2γˆ†3) + α∗(ωγˆ†1γˆ3γˆ2 − γˆ†1γˆ†3) (S63)
to leading order in f/J and b. We have introduced the complex number α = f/J − ωb. From this result, it can be
verified explicitly that χˆ21 = χˆ
†
1 and χˆ
3
1 = 1 to first order in α. For b = 0 but f 6= 0, the result (S63) is similar to
Ref. [3].
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